Published by Institute of Physics Publishing for SISSA/ISAS Received: May 27, 2004 Revised: July 22, 2004 Accepted: August 20, 2004

Two-point functions and logarithmic boundary operators in boundary logarithmic conformal field theories

Yukitaka Ishimoto

Theoretical Physics Laboratory, RIKEN Saitama 351-0198, Japan E-mail: y.ishimoto@riken.jp

Abstract: Amongst conformal field theories, there exist logarithmic conformal field theories such as c_{p,1} models. We have investigated c_{p,q} models with a boundary in search of logarithmic theories and have found logarithmic solutions of two-point functions in the context of the Coulomb gas picture. We have also found the relations between coefficients in the two-point functions and correlation functions of logarithmic boundary operators, and have confirmed the solutions in [6]. Other two-point functions and boundary operators have also been studied in the free boson construction of boundary CFT with SU(2)_k symmetry in regard to logarithmic theories. This paper is based on a part of D. Phil. thesis [1].

Keywords: Field Theories in Lower Dimensions, Conformal and W Symmetry, Boundary Quantum Field Theory.

Dedicated to the memory of Ian I. Kogan

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep082004039 /jhep082004039 .pdf

Contents

1. Introduction 1 1.1 Boundary CFT: on an upper half-plane 3

2. The Coulomb gas picture of LCFT with boundary 4 2.1 The c_{p,q} models with boundary 4 2.2 Boundary two-point functions of Φ_{1,2} and Φ_{r,s} fields with logarithms 5 2.3 Another operator for the logarithmic solutions 8 2.4 An example at c_{2,1} = −2 and the boundary operators 9

3. Free boson realisation of the SU(2)_k WZNW model with boundary 11 3.1 A boundary two-point function of the doublet representations 13

4. Conclusions and remarks 17

1. Introduction

Since [2], there is no doubt that 2d conformal field theory (CFT) has accomplished a beautiful success in a variety of physics. Among them, there is a class of theories called Logarithmic CFT which contains degenerate fields, or logarithmic pairs C and D in its simplest case [3]. A definition of the pair can be given by their operator product expansions and correlation functions [3, 4]: T (z)C(w) ∼ h_C C(w) (z − w)^2 + ∂_wC(w) z − w , T (z)D(w) ∼ h_C D(w) + C(w) (z − w)^2 + ∂_wD(w) z − w , ⟨C(z)C(w)⟩ ∼ 0 , ⟨C(z)D(w)⟩ ∼ α (z − w)^{2hC} , ⟨D(z)D(w)⟩ ∼ 1 (z − w)^{2hC} ( −2α ln(z − w) + α^′ ) , (1.1)

where T (z) is the stress tensor and h_C is the conformal dimension of the pair. From the above, one can read off that the pair forms a rank-2 Jordan cell, or a reducible but indecomposable representation under the Virasoro zero mode of T (z). There may be different ways of finding such structure, but logarithmic singularities in four-point functions can be interpreted as its origin, or the essential evidence of it [5]. For various models and preliminary knowledge of logarithmic CFT, see for example [1] and references therein.

The study of logarithmic CFT is still in progress though, much progress has been made so far. Despite this, only a small number of papers have contributed to logarithmic CFT

– 1 – with boundaries (boundary LCFT) [1, 6, 7, 8] in the context of boundary CFT initiated by Cardy [9, 10, 11]. In this untamed conformal zoo, the first systematic attempt to formulate a boundary LCFT and boundary states was made by Kogan and Wheater in [6], where they showed some boundary two-point functions and their relations with logarithmic boundary operators in a few models, being based solely on the analysis of the differential equations.

Our main aim in this paper is to explicitly compute such boundary two-point functions and to find their relations with logarithmic boundary operators in order to show a way to more complicated correlators and relations in boundary LCFT. In addition to the above, another focus is on the conditions for the emergence of logarithmic CFT: what models may be logarithmic CFT? The latter can be found during the former, because it is almost equivalent to see the conditions for logarithmic singularities in the correlation functions. The former requires some computational effort and an explicit field representation which has been developed on a firm basis.

Among free field representations, the Coulomb gas picture (CG), or Dotsenko-Fateev construction, is a powerful computational tool and is known to represent a wide variety of CFTs in two dimensions [12, 13]. Besides, free boson realisations are available and useful in various models such as the SU(2)_k Wess-Zumino-Novikov-Witten models (WZNW models [14]) via bosonisation [15]. On the other hand, boundary CFT of such representations has only recently been studied in a comparatively small number of papers [1, 16, 17, 18, 19, 20] and logarithmic CFT with no boundary in the CG picture [21, 22], while any of them is not for boundary LCFTs (except [1]).

Another motivation to study such models is that there appears a close relation of logarithmic CFT to some geometrical interpretations of the string backgrounds (see for example [23]). Together with the existing interests of D-brane physics [24], boundary logarithmic CFT seems to enter into the games.

In section 1.1, we give a short introduction to boundary CFT on an upper half-plane, following Cardy’s works. In the following section 2, we apply boundary CFT and the CG picture to the c_{p,q} model on the upper half plane, mapping it to a chiral theory on the whole complex plane. Following CG techniques for four-point functions, we obtain the boundary two-point functions which exhibit logarithmic singularities. In this type of models, two conditions for logarithms (logarithmic conditions) will be given in search of LCFTs. Thereafter, the relations of the two-point functions and the normalisation factors of the logarithmic boundary operators, are deduced, by which we confirm the results in [6].

It was shown that the SU(2)_k WZNW models can be described by free field realisations and, in particular, by three free bosons by Gerasimov et al. [15]. In addition, some of the SU(2)_k WZNW models have been shown, or suggested, to be logarithmic CFT [25, 26, 27, 28]. In section 3, we give boundary two-point functions of the doublet representations in the boson realisation defined on the upper half plane. Confirming the consistency with other results such as Knizhnik-Zamolodchikov equations (KZ-equation) [29], we obtain logarithmic conditions which contain k = 0 case and study the relations between the twopoint functions and the logarithmic boundary operators as in section 2 for k = 0.

This paper is based on a part of D. Phil. thesis [1] with some new discussions on the logarithmic conditions in conclusions.

– 2 –

1.1 Boundary CFT: on an upper half-plane

Boundary CFT is defined on a two-dimensional sur-

Figure 1: Holomorphic and antiholomorphic sectors defined on a UHP are equivalent to one sector defined on two UHPs but connected to each other at the boundary.

face with one or more boundaries and the prototype of its geometry is an upper half-plane (UHP). On a UHP, the theory is decomposed into and described by holomorphic and anti-holomorphic sectors, however they are not totally independent but coupled to each other by the boundary conditions. In this case the boundary is the real axis (figure 1). The boundary itself must be invariant under symmetry transformations. The allowed infinitesimal conformal coordinate transformations are z → z + ϵ(z) such that ϵ(z) ∈ R if z ∈ R. This makes it a real analytic function ϵ(z̄) = ϵ(z). On operators, the conformal transformations are expressed by a contour integral:

δ_ϵ = ∮ dz ϵ(z)T (z) − ∮ dz̄ ϵ(z̄)T (z̄) , (1.2)

where the closed contours surround all the relevant operators on the UHPs respectively. This actually produces the conformal Ward identity on correlation functions. For the identity to be valid, the above integral on the boundary should vanish and it gives the following condition

T (x) = T (x) , x ∈ R , (1.3)

for this case. This is equivalent to T_{tx} = 0 in the cartesian coordinate, meaning no energy flows across the boundary. In (1.2), one can take the contours so that two infinite semicircles are tied up at the boundary without contours on the axis and, if we map the antiholomorphic sector to the LHP, the theory can be interpreted as a chiral theory defined on the whole plane.

N-point functions in boundary CFT are now re-interpreted as 2N-point functions on the whole plane in a chiral theory and therefore the differential equations for four-point functions are also naturally defined for the minimal models. For example, a one-point function of the field Φ_Δ with conformal dimension Δ can be drawn as

⟨Φ_Δ(z, z̄)⟩_{boundary} = ⟨Φ_Δ(z)Φ_Δ(z̄)⟩ = (z − z̄)^{−2Δ}. (1.4)

The final equivalence is exact up to phase. Since (z + z̄) ∈ R, operators appearing in the r.h.s. of their operator product expansion become special having no anti-holomorphic counterparts: Φ_Δ(z)Φ_Δ(z̄) ∼ ∑ Δ_c ΦΔc ( z+z̄ 2 ∈ R). This special type of operator Φ_{Δc} (x ∈ R) is called ‘boundary operator’ and is important in the construction of boundary CFT.

– 3 –

2. The Coulomb gas picture of LCFT with boundary

In this section, we consider the Coulomb gas picture of the c_{p,q} models [2, 12, 13] with a boundary, for LCFTs in particular. We will later focus on a c_{2,1} = −2 case with the Neumann boundary condition.

2.1 The c_{p,q} models with boundary

The action functional of a free boson Φ is given by:

S_{CG}[Φ] = 1 8π ∫ Σ d^2z √ g [ g^{μν} ∂_μΦ(z, z̄)∂_ν Φ(z, z̄) + 2 iα_0R^{(2)}Φ(z, z̄) ] . (2.1)

α_0 is the background charge α_0 = (p − q)/ √ 2pq, and the central charge is c_{p,q} = 1 − 12α^2_0 = 1 −^{6(p−q)2}_{pq} with p, q ≠ 0. R^{(2)} is the two-dimensional scalar curvature of the 2d Riemann surface Σ with a boundary. We set Σ to be the upper half plane (UHP), g_{μν} = ( 0 1/2 1/2 0 ) , and assume p = 1 or q = 1 or (p, q) coprime integers. Note, however, that we can formally consider non-coprime cases in regard to continuous flows of p and q. Another important restriction on them will come up later in (2.14).

The equation of motion (EOM) implies that Φ(z, z̄) is analytic in the bulk, that is, Φ(z, z̄) = ϕ(z) + ϕ̄(z̄) with their propagators: ⟨ϕ(z)ϕ(w)⟩ = − ln(z − w) , ⟨ϕ̄(z̄)ϕ̄(w̄)⟩ = − ln(z̄ − w̄) . (2.2) The stress tensor T (z) (the energy-momentum tensor) is given by: T (z) = − 4π √ g δS[ϕ] δg^{zz} = − 1 2 : (∂ϕ(z))^2 : +iα_0∂^2ϕ(z) , (2.3)

while its anti-holomorphic counterpart is given similarly. The normal ordering (: operators :) is introduced to the first term to subtract its divergence.

There are two different boundary conditions, but we only deal with the Neumann boundary condition in what follows.^1 In either case, the holomorphic part and the antiholomorphic part can no longer be independent of each other: ⟨ϕϕ̄⟩ ≠ 0 for general z, w. Indeed, by the “method of images” initiated by Cardy [9], the anti-holomorphic sector of the theory can be mapped onto the lower half-plane (LHP ) by ϕ̄(z̄) = Ωϕ(z^∗) with the parity Ω = 1 (Ω = −1 for the Dirichlet case). In the given geometry, z̄ = z^∗, so ϕ̄(z̄) = Ωϕ(z̄ = z∗). Thereby, all the propagators ⟨ϕϕ⟩, ⟨ϕ̄ϕ̄⟩, ⟨ϕϕ̄⟩, ⟨ϕ̄ϕ⟩, are simplified to ⟨ϕϕ⟩ with corresponding arguments, and the theory becomes effectively chiral. Also, Cardy’s equation on the boundary:

T (z) = T (z̄) | |_{∂Σ} (2.4)

is trivially satisfied, and the conformal transformations of the primary fields are generated by the single tensor field T (z) being analytically continued to z ∈ C .

1The Dirichlet boundary condition in CG was discussed in [16].

– 4 –

The chiral primary Kac fields Φ_{r,s}(z) of the c_{p,q} model have a pair of integer indices r, s. Their conformal dimensions obey the Kac formula [30]: h_{r,s} = −^1_2 α^2_0 +^1_8 (rα_+ + sα_−)^2 with α_± ≡ α_0 ± √ α^2_0 + 2. Assuming our non-chiral primaries are Φ_{r,s}(z, z̄) = Φ_{r,s}(z) ⊗ Φ̄_{r,s}(z̄), the method of images implies that:

Φ_{r,s}(z, z̄) = Φ_{r,s}(z) Φ_{r,s}(z^∗) . (2.5) Then, a problem of a boundary N-point function reduces to that of a chiral 2N-point function. For example:

⟨Φ_{r,s}(z, z̄)Φ_r′_{,s}′ (w, w̄)⟩_{boundary} = ⟨Φ_{r,s}(z)Φ_r′_{,s}′ (w)Φ_r′_{,s}′ (w^∗)Φ_{r,s}(z^∗)⟩_0 . (2.6) ⟨· · ·⟩_0 denotes the vacuum expectation value in the mapped chiral theory. Its charge condition in CG will appear shortly.

The vertex operator realisation provides two ways of representing the chiral primaries due to the presence of conjugate operators: Φ_{r,s}(z) ∼ V_{r,s}(z) = V_{αr,s} =: e^{iαr,sϕ} : or ~V_{r,s}(z) = V_{2α0 −αr,s} . (2.7) The charges are α_{r,s} =^{1−r}_2 α_+ +^{1−s}_2 α_−. The screening currents of dimension (h, h̄) = {(1, 0), (0, 1)} are defined as: Q_± ≡ ∮ C dζ J_±(ζ) , J_± ≡ V_{α±} , (2.8) with the contour C on Σ. The neutrality condition (charge asymmetry condition in [12]) of ⟨V_{α1} (z_1) · · · V_{αN} (z_N ) Q^{n+}_+ Q^{n−}_− Q^{n̄+}_+ Q^{n̄−}_− ⟩_0 is thus: N∑ i=1 α_i + ∑ ϵ=+,− (n_ϵ + n̄_ϵ) α_ϵ = 2α_0 . (2.9)

Note that p = q is a special point where α_0 becomes zero and the screening charges are not required, as ⟨V_{α1} ~V_{α1} · · · V_{αN} ~V_{αN} ⟩ satisfies the condition (2.9). 2.2 Boundary two-point functions of Φ_{1,2} and Φ_{r,s} fields with logarithms Suppose p ≠ q. Consider a boundary two-point function with the Neumann boundary condition: ⟨Φ_{r,s}(z_1, z̄_1)Φ_{1,2}(z_2, z̄_2)⟩_{boundary}. From eq. (2.6), this can be expressed in a chiral and symmetric form, and with (2.7), (2.9), there are two choices in its vertex operator realisation. The general form of the two-point function is given by a linear combination of them:

⟨Φ_{r,s}(z_1, z̄_1)Φ_{1,2}(z_2, z̄_2)⟩_{boundary} = ⟨Φ_{r,s}(z_1)Φ_{1,2}(z_2)Φ_{1,2}(z^∗_2 )Φ_{r,s}(z^∗_1 )⟩_0 = α^{(pq)}_1 F_1(z_1, z_2) + α^{(pq)}_2 F_2(z_1, z_2) , (2.10) where α^{(pq)}_1 , α^{(pq)}_2 are, so far, arbitrary constants and the two choices are: F_1(z_1, z_2) ≡ ⟨V_{r,s}(z_1)V_{1,2}(z_2)V_{1,2}(z^∗_2 ) ~V_{r,s}(z^∗_1 ) Q_−⟩ , F_2(z_1, z_2) ≡ ⟨V_{r,s}(z_1)V_{1,2}(z_2)V_{1,2}(z^∗_2 ) ~V_{r,s}(z^∗_1 ) Q_−⟩ . (2.11)

– 5 –

The problem of ⟨Φ_{r,s}Φ_{1,2}⟩_{boundary} is now reduced to the calculation of two integrals. First we have:

F_1 = ∮ C⊂Σ dζ ⟨V_{r,s}(z_1)V_{1,2}(z_2)V_{1,2}(z^∗_2 ) ~V_{r,s}(z^∗_1 ) J_−(ζ)⟩ = ∏ i<j z_{ij}^{αiαj} ∮ C⊂Σ dζ 4∏ i=1 (z_i − ζ)^{αiα−} , (2.12)

with α_2 = α_3 = α_{1,2}, α_1 = α_{r,s}, α_4 = 2α_0 − α_{r,s}, and z_{ij} = z_i − z_j , z_3 = z^∗_2 , z_4 = z^∗_1 . F_2 can be written similarly. Since the exponents in the integrand are:

α_1α_− = 1 p ((1 − s)q − (1 − r)p) , α_4α_− = 1 p ((1 + s)q − (1 + r)p) ,

α_2α_− = α_3α_− = − q p , (2.13)

ζ = z_1, z_2, z_3, z_4 are branch points of order p, when

Figure 2: Non-contractable contours C, C̄ for the p = 2 case. Dotted lines are branch cuts.

p, q are coprime integers and (1 ± s) are not multiples of p. Nontrivial non-contractable contours C, C̄ can be reduced to the ones encircling two points, or the Pochhammer-type contour between the two points, on respective half-planes (see figure 2 for p = 2). Assuming that: q p ∉ Z and q (1 ± s) p ∉ Z , (2.14)

both closed contour integrals can be further reduced to two line integrals of z_1 → z_2 and of z^∗_1 → z^∗_2 up to constant (figure 3). For (p, q) coprime cases, the first condition is automatically satisfied.

By a standard choice of conformal mappings u =^{z34}_{z31}^{ζ−z1}_{ζ−z4} : (z_1, z_2, z_3, z_4) → (0, ξ, 1, ∞), the interval (z_1, z_2) is mapped to C_1 = (0, ξ) and the integral is transformed into:

F_1 = z^{−2hr,s}_{14} z^{−2h1,2}_{23} ξ^{α1α2} (1 − ξ)^{2α2(α2−α0)} ∫_ξ 0 du u^{α1α−} (ξ − u)^{α2α−} (1 − u)^{α2α−} , (2.15) up to phase. ξ is an harmonic ratio, ξ =^{z12z34}_{z13z24} = | |_{z1−z2} z_1−z^∗_2 | |^2 and 0 < ξ < 1. F_2 is given

similarly by the contour C_2 = (1, ∞).

Figure 3: The line integrals from z_1 to z_2 (Left) and from z̄_1 to z̄_2 (Right).

– 6 –

The integrals in F_i’s are the integral representations of the first two Kummer’s solutions of the hypergeometric differential equation [31]: [ ξ(1 − ξ) d^2 dξ^2 + {c − (1 + a + b) ξ} d dξ − ab ] F_i(ξ) = 0 ,

a =^{α2−}_2 =^q_p b = −1 − (α_1 − α_−) α_− =^q_p (1 + s) − r c = − ( α_1 −^{α−}_2 ) α_− =^q_p s − r + 1

, (2.16)

F_1 ∼

Γ(1 + a − c)Γ(1 − a) Γ(2 − c) ξ^{1−c}_2F_1 (1 + a − c, 1 + b − c; 2 − c; ξ) ,

F_2 ∼ Γ(b)Γ(c − b) Γ(c)^2

F_1 (a, b; c; ξ) . (2.17)

The common prefactor of the integral in (2.15) is neglected. The form of the solutions (2.17) is essentially same as ⟨ϕ_{n,m}ϕ_{1,2}ϕ_{1,2}ϕ_{n,m}⟩ in [12]. This observation also agrees with ⟨ϕ_{1,2}ϕ_{1,2}⟩_{boundary} in [17]. It should be mentioned that eq. (2.16) is in complete agreement with the differential equation that the function (2.10) of the Kac fields must satisfy [2, 12, 33, 6]. Thus, the linear combination in eq. (2.10) indeed gives the general solution.

However, as was discussed in [3, 33], the second-order linear differential equation may possess a solution logarithmic at ξ = 0, through the Frobenius method or other similar methods, and lead to a logarithmic field of LCFT. In such logarithmic cases, either two hypergeometric functions in the solutions (2.17) coincide, or one of them becomes indefinite at ξ = 0. They do not provide two independent solutions of eq. (2.16). The necessary condition for such an emergence of logarithms is that the coefficient c takes integer value [31]. Since r and s are integers by definition, the condition can be translated into that of p, q, and s: s · q p ∈ Z , (2.18)

which is compatible with the condition (2.14).

Under the conditions (2.14), (2.18), one can explicitly observe that the two solutions (2.17) become identical: F_1 = F_2, up to phase. Consequently, one can write down the solution for integer c as:

⟨Φ_{r,s}(z_1, z̄_1)Φ_{1,2}(z_2, z̄_2)⟩_{boundary} = α C(z_1, z_2)_2F_1 ( q p , q p + |n|; 1 + |n|; ξ ) , (2.19)

where n = (^q_p s − r) ∈ Z, α is an arbitrary constant. The function C(z_1, z_2) is the prefactor in eq. (2.15):

C(z_1, z_2) = (z_1 − z̄_1)^{−2hr,s} (z_2 − z̄_2)^{−2h1,2} ξ^{12p {(s−1)q+(1−r)p}} (1 − ξ)^{2qp −1} , (2.20)

with the conformal dimensions h_{r,s} =^1_2 α_{r,s}(α_{r,s} − 2α_0) and h_{1,2} =^1_2 α_{1,2}(α_{1,2} − 2α_0). The theory of hypergeometric functions further shows that the above solution is logarithmic at ξ = 1 in some cases. In section 2.4, we will see this logarithm and discuss its meaning in a particular case, c_{2,1} = −2.

– 7 –

2.3 Another operator for the logarithmic solutions Define two screening currents analytically continued from Σ to C : ~J_± = V_{α±} (z) for z ∈ C . (2.21)

Recall that the conformal transformations are realised by the single tensor field T , and the conformal dimension of ~J_± is ~h = 1 under this T . By making a closed contour integration on the whole plane, one can define the analytically continued version of the screening charges: ~Q_± = ∮ ~C dζ ~J_±(ζ) . (2.22)

Here, ~C can lie anywhere on the whole complex plane C .

With these operators, one can compute a chiral four-point function: ~F (z_1, z_2) = ⟨V_{r,s}(z_1)V_{1,2}(z_2)V_{1,2}(z^∗_2 )V_{r,s}(z^∗_1 ) ~Q_−⟩ . = ∏ i<j z^{αiαj}_{ij} ∮ ~C⊂C dζ 4∏ i=1 (z_i − ζ)^{αiα−} , (2.23)

with the exponents (2.13). The only difference between

Figure 4: Two non-contractable contours for ~C for the p = 2 case. Subscripts of the contours are for later convenience.

the above and eq. (2.12) is the contour ~C, so we restrict ~C to be analytically inequivalent to C and C̄ in eq. (2.12) for nontrivial results. The branching structure of the integrand is not unique (see figure 2). For example, a different structure with different non-contractable contours for the branch covering of C is shown in figure 4 for p = 2. The new contours are now encircling the points z_2, z̄_2 (z_1, z̄_1), or Pochhammer-type contours between them. The closed contours can be reduced to the line integrals under the condition (2.14).

By the same conformal mapping as for eq. (2.15), one obtains for ~C_1:

~F_1 = C(z_1, z_2) (1 − ξ)^{1− 2q}p

Γ^2 ( 1 −^q_p ) Γ ( 2 ( 1 −^q_p

))_2F_1 ( 1 − q p + n, 1 − q p ; 2 ( 1 − q p ) ; 1 − ξ ) . (2.24) Similarly, the line integral of ~C_2 reduces to:

~F_2 = C(z_1, z_2)

Γ^2 (_q p ) Γ (_{2q} p )_2F_1 ( q p + n, q p ; 2q p ; 1 − ξ ) , (2.25)

where n =^q_p s − r ∈ Z. That is to say, ~F_1 and ~F_2 are the sixth and fifth Kummer’s solutions of the same hypergeometric differential equation (2.16), regular at ξ = 1. Under the condition (2.14), they both have logarithmic singularities in the vicinity of ξ = 0, and in general they are two independent solutions in the region of 0 < ξ < 1.

– 8 –

There is, of course, a logarithmic condition for this case: 2^q_p ∈ Z. Due to (2.14), it reads: q p = 1 2 + m , m ∈ Z . (2.26)

As in the former case, we have the following coincident solution:

~F = C(z_1, z_2) Γ^2

(_1 2 + |m| ) Γ(1 + 2|m|)^2

F_1 ( 1 2 + |m| + n, 1 2 + |m|; 1 + 2|m|; 1 − ξ ) . (2.27)

It can be checked that the function is singular at ξ = 0 for n ∈ Z, so this is therefore the second independent solution of eq. (2.16). A general solution of (2.10) can be given by:

⟨Φ_{r,s}(z_1, z̄_1)Φ_{1,2}(z_2, z̄_2)⟩_{boundary} = αF (z_1, z_2) + ~α ~F (z_1, z_2) . (2.28)

It should be mentioned here that, if one replaces ~V_{r,s} with the puncture-type operator : ϕ ~V_{r,s} : in eq. (2.11), the imposition of ⟨: ϕ V_{2α0} :⟩ ∼ 1 leads to the same results appearing in this and the previous sections. Note again that when p = q the above discussions and solutions make no sense because screening charges are not required.

2.4 An example at c_{2,1} = −2 and the boundary operators

Consider the c_{2,1} model in CG. The central charge is c_{2,1} = −2. Since the condition (2.18) is s/2 ∈ Z in this case, a number of (r, s) pairs can satisfy the condition for logarithms. The condition (2.26) is always satisfied, so the general solution for the boundary two-point functions is given in eq. (2.28).

Denoting the Kac field Φ_{1,2} of dimension h_{1,2} = −1/8 by μ, let us depict the relevant two-point functions with the boundary:

⟨Φ_{r,s}(z_1, z̄_1)μ(z_2, z̄_2)⟩_{boundary} = (z_1 − z̄_1)^{−2hr,s} (z_2 − z̄_2)^{14} ξ^{14 (1+2n)} × × { α^{(r,s)}_2F_1 ( 1 2 , 1 2 + |n|; 1 + |n|; ξ ) + + ~α^{(r,s)}_2F_1 ( 1 2 + n, 1 2 ; 1; 1 − ξ )} , (2.29)

where n = s/2 − r ∈ Z, α^{(r,s)} and ~α^{(r,s)} are constants. Substituting (r, s) = (1, 2) and (r, s) = (2, 2), one finds:

⟨μ(z_1, z̄_1)μ(z_2, z̄_2)⟩_{boundary} = (z_1 − z̄_2)^{14} (z_2 − z̄_1)^{14} ξ^{14} (1 − ξ)^{14} × × { α^μ_2F_1 ( 1 2 , 1 2 ; 1; ξ ) + ~α^μ_2F_1 ( 1 2 , 1 2 ; 1; 1 − ξ )} , ⟨ν(z_1, z̄_1)μ(z_2, z̄_2)⟩_{boundary} = (z_1 − z̄_1)^{− 34} (z_2 − z̄_2)^{14} ξ^{− 14} × × { α^ν_2F_1 ( 1 2 , 3 2 ; 2; ξ ) + ~α^ν_2F_1 ( − 1 2 , 1 2 ; 1; 1 − ξ )} , (2.30)

where ν denotes Φ_{2,2} of h = 3/8, α^{μ,ν} and ~α^{μ,ν} are arbitrary constants. Substituting z_i = x_i + i y_i and x = x_2 − x_1 into (2.30), one further finds that both of them exhibit the

– 9 – logarithmic singularity in the vicinity of ξ = 1 (i.e. y_i ≪ |x|):

⟨μ(z_1, z̄_1)μ(z_2, z̄_2)⟩_{boundary} ∼ (y_1y_2)^{14} ln

(y_1y_2 x^2 ) , ⟨ν(z_1, z̄_1)μ(z_2, z̄_2)⟩_{boundary} ∼ (y_1)^{− 34} (y_2)^{14} ln

(y_1y_2

x^2 ) . (2.31)

Comparing (2.30) with the general solution (10) of [6]:

⟨μ(z_1, z̄_1)μ(z_2, z̄_2)⟩_{boundary} = (z_1 − z̄_2)^{14} (z̄_1 − z_2)^{14} ξ^{14} (1 − ξ)^{14} × × { A_2F_1 ( 1 2 , 1 2 ; 1; ξ ) + B_2F_1 ( 1 2 , 1 2 ; 1; 1 − ξ )} , (2.32)

one immediately reads:

A = α^μ and B = ~α^μ , (2.33)

up to phase.

From the work by Kogan and Wheater [6], these constants are known to be related to two-point functions of logarithmic boundary operators. Namely, in the case of logarithmic theories, the bulk-boundary OPE relation of dimension h field is to be of the form [6, 11]:

Φ_h(x, y) = (2y)^{Δd−2h}C^d_{ΦΦ} (d(x) + c(x) ln(2y)) + ∑ i (2y)^{Δi −2h}C^i_{ΦΦ}Ψ_i(x) , (2.34)

where Ψ_i(x)’s are ordinary boundary operators of boundary scaling dimensions Δ_i, normalised as ⟨Ψ(0)Ψ(x)⟩ = x^{−2Δi} . c(x) and d(x) are logarithmic boundary operators of dimension Δ_d, whose two-point functions are given by [6]: ⟨d(0)d(x)⟩ = x^{−2Δd} ( −2α_d ln(x) + α^′_d ) , ⟨c(0)d(x)⟩ = ⟨d(0)c(x)⟩ = x^{−2Δd} α_d , ⟨c(0)c(x)⟩ = 0 . (2.35)

Substituting the above, Δ_d = 0, and z_i = x_i + i y_i with x_1 = 0, and x = x_2 into the forms ⟨μ(z_1, z̄_1)μ(z_2, z̄_2)⟩ and ⟨ν(z_1, z̄_1)μ(z_2, z̄_2)⟩, then taking the limit y_i ≪ x, one finds the relations between α^μ, α^ν , and α_d from the asymptotic behaviours (2.31): α^μ ∼ α_d ( C^d_{μμ} )_2 , α^ν ∼ α_d ( C^d_{νν} C^d_{μμ} ) , (2.36)

up to phase. This result holds even if there is another logarithmic pair of Δ_d = 1.

Hence, with the Neumann boundary condition, the decoupling of c(x), that is α_d = 0, may occur only when α^μ = α^ν = 0. Note that, in such a case, the log term in eq. (2.35) and (2.31) vanish simultaneously.

Lastly, it should be noted that, if ~α^μ = 0 i.e. B = 0, the asymptotic behaviours of the two-point functions in the vicinity of ξ = 0 match with the one-point function ⟨C(z, z̄)⟩ = ⟨C(z)C(z̄)⟩ = 0. We do not have this condition so that the theory may break the scaling covariance as was discussed in [6].

– 10 –

3. Free boson realisation of the SU(2)_k WZNW model with boundary

We begin with the quantum equivalent action functional of three scalar boson fields U, V , and Φ with a boundary [15]:

S_{SU(2)}[U, V, Φ] = 1 8π ∑ Φ_i={U,V,Φ} ∫ Σ d^2z √ g [ g^{μν} ∂_μΦ_i∂_ν Φ_i + 2iα_{Φi} R^{(2)}Φ_i ] , (3.1)

where Σ = UHP , g_{μν} = ( 0^1_2 1 2 0 ) , and the background charges are α_U =^i_2 , α_V =^1_2 , α_Φ = −^{1√}_{2q̂} . q̂ gives the level k of the affine Kac-Moody algebra (AKM algebra) as q̂^2 = k + 2 while the central charge is c =^{3k}_{k+2} . For the theory to be analogous to the WZNW model, we assume k > −2. The EOMs imply U = u + ū, V = v + v̄, Φ = ϕ + ϕ̄, and one can choose two different boundary conditions for each boson.

Taking only the Neumann boundary conditions into consideration, the propagators of holomorphic fields are given by: u(z)u(w) ∼ − ln(z − w), v(z)v(w) ∼ − ln(z − w), ϕ(z)ϕ(w) ∼ − ln(z − w). Propagators of anti-holomorphic fields are given similarly, and so are those of holomorphic and anti-holomorphic fields, while the ones with different species such as ⟨uv⟩ vanish. If we introduce a notation ϕ_i = {u, v, ϕ}, the above propagators take a rather simpler form:

ϕ_i(z)ϕ_j (w) ∼ −δ_{ij} ln(z − w) . (3.2)

Note that all the boson propagators can be represented by eq. (3.2) through Cardy’s method of images.

The energy-momentum tensor can now be written in terms of {u, v, ϕ} by: T = ∑ ϕ_i={u,v,ϕ} ( − 1 2 (∂ϕ_i)^2 + iα_{ϕi} ∂^2ϕ_i ) , (3.3)

where α_{Φi} are relabelled by α_{ϕi} for convenience. The SU(2)_k AKM currents can locally be expressed by:

J^+ = 1 √ 2 ∂v e^{−u+iv} , J^0 = iq̂ √ 2 ∂ϕ + ∂u , J^− = 1 √ 2 [√ 2q̂ ∂ϕ − iq̂^2∂u + (1 − q̂^2)∂v ] e^{u−iv} . (3.4) They satisfy the following OPEs: T (z)T (w) ∼ c/2 (z − w)^4 + 2 T (w) (z − w)^2 + ∂_wT (w) z − w , T (z)J^a(w) ∼ J^a(w) (z − w)^2 + ∂_wJ^a z − w for a = 0, ± ,

J^0(z)J^±(w) ∼ ±J^±(w) z − w , J^±(z)J^±(w) ∼ 0 ,

J^0(z)J^0(w) ∼ k/2 (z − w)^2

, J^+(z)J^−(w) ∼ k/2 (z − w)^2 + J^0(w) z − w , (3.5)

– 11 – up to regular terms w.r.t. z. Others vanish. The anti-holomorphic currents such as T are given similarly and are mapped to the lower half-plane, T (z̄) = T (z^∗), by the method of images.

At this stage, one can follow the procedures of the c_{p,q} models. The non-chiral primaries of the (j, m) highest weight representation (hwrep) of the SU(2)_k AKM algebra ((j, m̄) for the SU(2)_k) are given by the chiral primaries Φ_{j,m}(z):

Φ_{j;m,m̄}(z, z̄) = Φ_{j,m}(z) Φ_{j,m̄}(z^∗) , (3.6)

whose conformal dimensions are degenerate at h_j = h̄_j =^{j(j+1)}_{k+2} . By this mapping, their boundary two-point functions are given by chiral four-point functions as was shown in the c_{p,q} models:

⟨Φ_{j1;m1,m̄1} (z_1, z̄_1)Φ_{j2;m2,m̄2} (z_2, z̄_2)⟩_{boundary} = ⟨Φ_{j1,m1} (z_1)Φ_{j2,m2} (z_2)Φ_{j2,m̄2} (z^∗_2 )Φ_{j1,m̄1} (z^∗_1 )⟩_0 . (3.7) On the other hand, one can construct the above multiplet via the vertex operator realisation: V_{j,j−m} ≡ e^{iαj ϕ}e^{(j−m)(u−iv)} , ~V_{j,j−m} = V_{−1−j,−1−j−m} , (3.8) with α_j = −2α_ϕj and the conformal dimension h_j =^1_2 α_j (α_j − 2α_0) =^{j(j+1)}_{k+2} . ~V_{j,j−m} is the conjugate state. The (j, m) chiral primary is realised in two ways by: Φ_{j,m} ∼ V_{j,j−m} or ~V_{j,j−m} . (3.9) A screening charge and a screening current of dimension (h, h̄) = (1, 0) is given by^2

Q_+ = ∮ C⊂Σ dζ J_+(ζ), J_+ ≡ e^{2iαϕϕ}e^{−u+iv} ∂v i = ∂v i V_{−1,−1} , (3.10)

where C is on Σ. The (0, 1) screening charge Q_+ is given similarly by the replacement of C with C on Σ^∗. The analytically continued version of the screening charge is given with the closed contour ~C defined anywhere on C :

~Q_+ = ∮ ~C⊂C dζ ~J_+(ζ) . (3.11)

Note that the above screening charges are invariant under the SU(2)_k transformations.

Via this realisation, one can express N-point functions of the non-chiral fields, and therefore chiral 2N-point functions, by ⟨V_{j1,m1} · · · V_{j2N ,m2N} Q^n_+⟩ with the insertion of the background charges at infinity. The charge neutrality (asymmetry) conditions read 2N∑ i α_{ji} + 2nα_ϕ = 2α_ϕ , 2N∑ i m_i − n = −1 . (3.12)

2There is a degree of freedom of having ∂u in addition to ∂v, but it is only equivalent up to constant factor in correlators.

– 12 –

The first condition of the above can be rewritten by ∑ i j_i − n = −1. Accordingly, the twopoint function of Ṽ_{j,j+m} and V_{j,j−m} provides a non-vanishing two-point function, satisfying the charge conditions: ⟨Ṽ_{j,j+m}(z)V_{j,j−m}(0)⟩_0 = z^{−2hj} . This leads to the definition of the conjugate, or dual, operators (3.8), and one-point functions: ⟨Φ_{j;m,m}′ (z, z̄)⟩_{boundary} ∼ δ_{m+m}′_{, 0} (z−z̄)^{2hj} . 3.1 A boundary two-point function of the doublet representations

Let us consider the doublet representations Φ_± ≡ Φ 1_{2 ,±} 1_2 of conformal dimension h_{1/2} (h̄_{1/2}) =^3_{4(k+2)} . The corresponding chiral vertex operators are

V_+ = V_{1/2,0} , V_− = V_{1/2,1} , Ṽ_+ = V_{−3/2,−2} , Ṽ_− = V_{−3/2,−1} . (3.13)

Accordingly, from eq. (3.6), there are four distinct non-chiral fields, {Φ_{++}, Φ_{+−}, Φ_{−+}, Φ_{−−}}. The correlation function, analogous to ⟨g(z, z̄)g^†(w, w̄)⟩ of the SU(2)_k WZNW model [14], is ⟨Φ_{m,m̄}Φ_{m̄}′_{,m}′ ⟩ with the indices m̄ (m̄^′) for the conjugate doublet representation. Contractions between fundamental representations of SU(2)_k and their conjugates result only in terms proportional to δ_{m,m̄}δ_m′_{,m̄}′ and δ_{m,m̄}′ δ_m′_{,m̄}. Reflecting the SU(2)_k invariance of the functions, the relevant correlation functions are:

{⟨Φ_{−−}Φ_{++}⟩, ⟨Φ_{+−}Φ_{+−}⟩, ⟨Φ_{++}Φ_{−−}⟩, ⟨Φ_{−+}Φ_{−+}⟩} . (3.14)

The latter two entries are the charge conjugates of the former two.

Among them, we begin with the boundary two-point function ⟨Φ_{−−}Φ_{++}⟩:

⟨Φ_{−−}(z_1, z̄_1)Φ_{++}(z_2, z̄_2)⟩_{boundary} = ⟨Φ_−(z_1)Φ_+(z_2)Φ_+(z^∗_2 )Φ_−(z^∗_1 )⟩_0 (3.15) = α^{−++−} 1 F^{−++−}

1 (z_1, z_2) + α^{−++−}_2 F^{−++−}_2 (z_1, z_2) ,

where α^{−++−}_1 and α^{−++−}_2 are constants, and the functions F^{−++−}_i are F^{−++−} 1 (z_1, z_2) ≡ ⟨V_−(z_1)V_+(z_2)V_+(z^∗_2 ) ~V_−(z^∗_1 ) Q_+⟩ , F^{−++−} 2 (z_1, z_2) ≡ ⟨V_−(z_1)V_+(z_2)V_+(z^∗_2 ) ~V_−(z^∗_1 ) Q_+⟩ . (3.16)

These turn out to be contour integrals on the branch covering of C : F^{−++−} 1 (z_1, z_2) = ∏ i<j z^{αi αj}_{ij} z_{14} ∮ C⊂Σ dζ ∏_3 i=1 (z_i − ζ)^{−2α2ϕ} (z_4 − ζ)^{3·2α2ϕ} (z_1 − ζ) (z_4 − ζ)

, (3.17)

where α_1 = α_2 = α_3 = −α_ϕ, α_4 = −3α_ϕ, and α^2_ϕ = 1/2q̂^2 = 1/2(k + 2). F^{−++−}_2 is given similarly. Quite conveniently, the integral in the above is equivalent to that in eq. (2.12) with (p, q, r, s) = (k + 2, 1, 0, 2). Then, one may follow the same reduction procedure as in the previous sections. From the closed contours to the line integrals, a condition 1/(k + 2) ∉ Z is necessary and sufficient. One may assume a sufficient condition ∞ > k > −1, instead.

– 13 –

By the map of ζ → w =^{z34}_{z31}^{ζ−z1}_{ζ−z4} , F^{−++−}_1 amounts to: F^{−++−} 1 = e^{2α2ϕπi}(z_{13}z_{24})^{−2h1/2} ξ^{α2ϕ} (1 − ξ)^{α2ϕ} ∫_ξ 0 dw w^{−2α2ϕ −1}(ξ − w)^{−2α2ϕ} (1 − w)^{−2α2ϕ} .(3.18) Together with F^{−++−}_2 , one again finds that those integrals are the solutions of the hypergeometric differential equation (2.16) with (a, b, c) = (2α^2_ϕ, 6α^2_ϕ, 1 + 4α^2_ϕ): F^{−++−} 1 ∼ ξ^{12(k+2)} (1 − ξ)^{12(k+2)}

Γ(−^1_{k+2} )Γ(^{k+1}_{k+2} )

Γ(^k_{k+2} ) ξ^{− 2k+2}_2F_1 ( − 1 k + 2 , 1 k + 2 ; k k + 2 ; ξ ) ,

F^{−++−} 2 ∼ ξ^{12(k+2)} (1 − ξ)^{12(k+2)}

Γ(^3_{k+2} )Γ(^{k+1}_{k+2} )

Γ(^{k+4}_{k+2} )^2

F_1 ( 1 k + 2 , 3 k + 2 ; k + 4 k + 2 ; ξ ) , (3.19)

up tp phase. Likewise, the two-point function ⟨Φ_{+−}Φ_{+−}⟩_{boundary} can easily be found, with hypergeometric functions obeying the hypergeometric differential equation of (a, b, c) = (2α^2_ϕ, 6α^2_ϕ, 4α^2_ϕ). For later convenience, we also list the function ⟨Φ_{+−}Φ_{−+}⟩_{boundary} which in turn corresponds to the hypergeometric differential equation of (a, b, c) = (1+2α^2_ϕ, 6α^2_ϕ, 1+ 4α^2_ϕ).

⟨Φ_{ϵ1ϵ4} Φ_{ϵ2ϵ3} ⟩_{boundary} = 2∑ i=1 α^{ϵ1ϵ2ϵ3ϵ4} i F^{ϵ1ϵ2ϵ3ϵ4} i (z_1, z_2) ,

F^{++−−} 1 ∼ 1 k ξ^{12(k+2)} (1 − ξ)^{12(k+2)}

Γ(−^1_{k+2} )Γ(^{k+1}_{k+2} ) Γ(^k_{k+2} ) ξ^{kk+2} × ×_2F_1 ( k + 1 k + 2 , k + 3 k + 2 ; 2k + 2 k + 2 ; ξ ) , F^{++−−} 2 ∼ −2 ξ^{12(k+2)} (1 − ξ)^{12(k+2)}

Γ(^3_{k+2} )Γ(^{k+1}_{k+2} ) Γ(^{k+4}_{k+2} )^2

F_1 ( 1 k + 2 , 3 k + 2 ; 2 k + 2 ; ξ ) ,

F^{+−+−} 1 ∼ ξ^{12(k+2)} (1 − ξ)^{12(k+2)}

Γ(−^1_{k+2} )Γ(^{k+1}_{k+2} ) Γ(^k_{k+2} ) ξ^{− 2k+2} ×

×_2F_1 ( k + 1 k + 2 , 1 k + 2 ; k k + 2 ; ξ ) , (3.20) F^{+−+−} 2 ∼ ξ^{12(k+2)} (1 − ξ)^{12(k+2)}

Γ(^3_{k+2} )Γ(^{k+1}_{k+2} ) Γ(^{k+4}_{k+2} )^2

F_1 ( k + 3 k + 2 , 3 k + 2 ; k + 4 k + 2 ; ξ ) , up to common phases for F_1’s and F_2’s respectively. The solutions (3.19) are the solutions shown in (2.3.14) of [15]. They and the first two F_i’s in (3.20) are equivalent to the solutions of the Knizhnik-Zamolodchikov equation (KZ-equation), F^{(0)}_1 (x), F^{(1)}_1 (x), F^{(0)}_2 (x), and F^{(1)}_2 (x) in (4.10) of [29] up to constant. The general solutions are given by linear combinations of the two corresponding hypergeometric functions for general k > −1.

Since those coefficients of the hypergeometric differential equation only differ by integers, a contiguous relation of hypergeometric functions (1.4.5) in SL [31] can be applied to F^{+−+−} 1 . The relation reduces to: F^{+−+−} i = −F^{−++−}_i − F^{++−−}_i , (3.21)

– 14 – for i = 1, 2. From these relations, the calculations for the charge conjugate configurations were proven to be equal to the former cases [appendix of [1]]:

⟨Φ_{++}Φ_{−−}⟩_{boundary} = ⟨Φ_{−−}Φ_{++}⟩_{boundary} , ⟨Φ_{−+}Φ_{−+}⟩_{boundary} = ⟨Φ_{+−}Φ_{+−}⟩_{boundary} . (3.22) The explicit forms of the above were shown in (3.19), (3.20).

We are now ready to discuss the logarithms in the boundary two-point correlation functions. The condition for logarithms is 4α^2_ϕ ∈ Z i.e. 2 k + 2

∈ Z . (3.23)

Therefore, some fractional levels k < −1 may satisfy the condition such as k = −4/3 [25, 26]. When −1 < k < ∞, k = 0 is the only choice. As was shown in the preceding section, the two independent solutions coincide with each other when c becomes integer while a, b are not negative integers. In this logarithmic case, the general solution may be given by the solutions regular at ξ = 1, which in turn can be given by the contour integrations with the analytically continued screening charges as in figure 4. For general k: ~F^{−++−} 1 ∼ Γ^2 (1 − A) Γ (2 − 2A)

(1 − ξ)^{1−2A}_2F_1 (1 + A, 1 − A; 2 − 2A; 1 − ξ) , ~F^{−++−} 2 ∼ Γ^2 (A) Γ (2A)^2

F_1 (3A, A; 2A; 1 − ξ) , ~F^{++−−} 1 ∼ Γ (−A) Γ (1 − A) Γ (1 − 2A)

(1 − ξ)^{−2A}_2F_1 (A, −A; 1 − 2A; 1 − ξ) , ~F^{++−−} 2 ∼ Γ (A) Γ (1 + A) Γ (1 + 2A)^2

F_1 (3A, A; 1 + 2A; 1 − ξ) , (3.24)

where A = 2α^2_ϕ = 1/(k + 2). i = 1 in F_i’s corresponds to the interval (z_2, z_3) while i = 2 is for (z_1, z_4). Their phases and the common factor of (z_{13}z_{24})^{−2h1/2} ξ^{α2ϕ} (1 − ξ)^{α2ϕ} appearing in F^{−++−} i are omitted. The logarithmic condition for the above two pairs is in common and is equivalent to the condition (3.23):

2A = 2 k + 2

∈ Z . (3.25)

Therefore, the logarithmic cases for SU(2)_k doublets necessarily contain a logarithmic solution in each limit, ξ → 0 or ξ → 1.

When k = 0 or k → 0, one obtains identical solutions from (3.24) and the general solutions are then given by:

⟨Φ_{−−}Φ_{++}⟩_{boundary} = α^{−++−}F^{−++−}_2 (z_1, z_2) + ~α^{−++−} ~F^{−++−}_2 (z_1, z_2) = π 2 |z_1 − z̄_2|^{− 32} ξ^{14} (1 − ξ)^{14} × × { α^{−++−}_2F_1 ( 1 2 , 3 2 ; 2; ξ ) + ~α^{−++−} · 2_2F_1 ( 1 2 , 3 2 ; 1; 1 − ξ )} ,

– 15 –

⟨Φ_{+−}Φ_{+−}⟩_{boundary} = α^{++−−}F^{++−−}_2 (z_1, z_2) + ~α^{++−−} ~F^{++−−}_2 (z_1, z_2) = π 2 |z_1 − z̄_2|^{− 32} ξ^{14} (1 − ξ)^{14} × (3.26) × { α^{++−−} · 2_2F_1 ( 1 2 , 3 2 ; 1; ξ ) + ~α^{++−−}_2F_1 ( 1 2 , 3 2 ; 2; 1 − ξ )} . Both solutions are symmetric to each other under the exchange of ξ ↔ 1 − ξ. They are logarithmic in the vicinity of ξ = 0, 1, that is, at both the far-from-boundary limit and the near-boundary limit. The above expressions agree with the general solution of the chiral four-point function in [27] and the boundary two-point functions in [6] up to constant factors.

Substituting z_i = x_i + iy_i and x = x_1 − x_2, the asymptotic behaviours at the nearboundary limit (ξ = 1) are:

⟨Φ_{−−}Φ_{++}⟩_{boundary} ∼ α^{−++−}(2y_1)^{− 34} (2y_2)^{− 34} { − ( 4y_1y_2 x^2 ) ln ( 4 y_1y_2 x^2 )} , ⟨Φ_{+−}Φ_{+−}⟩_{boundary} ∼ α^{++−−}(2y_1)^{− 34} (2y_2)^{− 34} { 2 − 1 2 ( 4 y_1y_2 x^2 ) ln ( 4 y_1y_2 x^2 )} . (3.27)

The bulk-boundary OPE relation is to be of the form [27, 6]:

Φ_{ϵ1ϵ2} (x, y) = (2y)^{− 34} { C^I_{ϵ1ϵ2} I_{ϵ1ϵ}∨_2 + 2y C^d_{ϵ1ϵ2} t^i_{ϵ1ϵ}∨_2 ( D^i(x) + C^i(x) ln(2y) ) + · · · } , (3.28)

where I is the unit matrix, t^i_{ϵ1ϵ}∨_2 are the Pauli matrices divided by two, and ϵ^∨ is the weight conjugate to ϵ. The two-point functions of the logarithmic boundary operators C^i and D^i were given by [27]:

⟨D^i(0)D^j (x)⟩ = − ( β + 2α^{su(2)}_d ln(x) ) δij x^2 , ⟨C^i(0)D^j (x)⟩ = α^{su(2)}_d δ^{ij} x^2 , ⟨C^i(0)C^j (x)⟩ = 0 . (3.29)

We added the normalisation factor α^{su(2)}_d to the original expressions. Substituting the expression (3.28) and the above into the forms of the boundary two-point functions, one finds the following relations from the asymptotic forms (3.27) up to phase:

α^{−++−} = − 1 2 α^{su(2)}_d (C^d_{−−})(C^d_{++}) ,

α^{++−−} = 1 2 ( C^I_{+−} )_2 = − 1 2 α^{su(2)}_d ( C^d_{+−} )_2 . (3.30)

An interesting point is in the second relation that the normalisation constant is related and proportional to the squared fusion coefficient ( C^I_{+−} )_2

. This means that given fusion rules one can fix α^{su(2)}_d , and moreover, α^{−++−} and α^{++−−}. This feature isn’t present in the ⟨Φ_{r,s}Φ_{1,2}⟩ of the c_{p,q} models. Note that one can also assign different α^i_d instead of α^{su(2)}_d for different suffices of the logarithmic pairs. In such a case, α^1_d = α^2_d holds and the different α^1_d and α^3_d only show up in the first and second lines separately.

– 16 –

4. Conclusions and remarks

In section 2, we have examined the c_{p,q} models with the Neumann boundary condition in the Coulomb gas picture. In addition to the general (p, q) cases, a class of general solutions (2.28) for the logarithmic cases were shown for the boundary two-point functions ⟨Φ_{r,s}Φ_{1,2}⟩ with the analytically continued screening operators. The cases are defined such that the differential equation for the function has a logarithmic solution at ξ = 0 and ξ = 1. In its final subsection, we turned into a specific case c = −2 and showed the two-point functions ⟨μ(z_1, z̄_1)μ(z_2, z̄_2)⟩ and ⟨ν(z_1, z̄_1)μ(z_2, z̄_2)⟩, from which the relations between the normalisation constants (2.36) were deduced.

In this construction, we have investigated the conditions for ⟨Φ_{r,s}Φ_{1,2}⟩ to have logarithmic behaviours. The logarithmic condition (2.18) at ξ = 0 was primarily a necessary condition for it. Later, it turns out to be necessary and sufficient for logarithms at ξ = 0, because the solutions (2.24), (2.25) are logarithmic at ξ = 0 under the condition (2.14). However, this condition is clearly not the case for logarithms at both ξ = 0 and ξ = 1, since (2.19), (2.24), (2.25) may all be regular at ξ = 1. In a full theory without boundaries, if the general solution is logarithmic at ξ = 0 while it isn’t at ξ = 1, it clearly violates monodromy invariance, or single-valuedness, and should therefore be excluded. Whereas, boundary theories do not have such a restriction so that it may have solutions which are logarithmic only at ξ = 0. This is a novel feature from our investigation. Note, on the other hand, that the condition (2.18) with (2.26) are necessary and sufficient for logarithms at both points, as well as for (2.19) to be logarithmic at ξ = 1.

Another important point on the condition (2.18) is that, when q = 1, or p ≠ 1 and (p, q) coprime integers, the condition reads:

s = multiple of p . (4.1)

With (2.26), s is even. Therefore p is even, otherwise s = p × (even integer). This means that it is possible for any c_{p,q} model to have such a two-point function as (2.19) and/or (2.24), (2.25) in the presence of boundary, if one includes the (r, s = p) field in the theory. This also includes c_{p,1} models and the result may contain a logarithm in the vicinity of ξ = 1. This conclusion is consistent with Flohr’s conjecture and observation that the augmented conformal grid of the c_{p,q} models gives the rational logarithmic CFT [32]. However, it should be mentioned here that the condition (2.26) singles out only (p, q) = (2, 2m + 1) models.

The above mentioned conditions are for a specific correlation function ⟨Φ_{r,s}Φ_{1,2}⟩. Therefore, the absence of logarithms in such a correlation function does not mean that the theory is not logarithmic. For example, as was stated earlier, the calculation for ⟨Φ_{r,s}Φ_{2,1}⟩ can be carried out quite similarly. In fact, by the replacement of r with s and p with q, one obtains ⟨Φ_{r,s}Φ_{2,1}⟩. The result provides similar logarithmic conditions of r instead of those of s, which in this case single out (p, q) = (2m + 1, 2) for logarithms at ξ = 0 and 1. In general, if any correlation function has a logarithmic behaviour, the theory is logarithmic.

In section 3, we have examined the free field realisation of the SU(2)_k AKM algebras motivated by the SU(2)_k WZNW action. From the action of the three free scalar bosons

– 17 – with the Neumann boundary condition, we followed the calculation of [15] and confirmed the general solutions (3.19), (3.20). With the same technique in section 2.1, it was found that the logarithmic cases in the doublet representation inevitably become logarithmic at both ξ = 0 and ξ = 1. We then found the solutions regular at ξ = 1 and restored the general solution (3.24) of the differential equation shown in [6]. Some relations between the normalisation constants and fusion rules are also listed. Our results also reveal that such relations may be different for different LCFTs.

Similarly, one can imagine the doublet representations in SU(2) WZNW model at fractional level k = −4/3. But only it would not be an irreducible (or physical) highest weight representation nor an admissible representation of the theory, and therefore be excluded [25]. Nevertheless, it would be interesting to see whether boundary two point functions of relevant highest/lowest representations are logarithmically singular or not along our line. Related discussions on logarithmic representations in SU(2)_{−4/3} WZNW model can be found in [26].

There are several points to be remarked on about our formalism. Firstly, we have not discussed the Dirichlet boundary condition since this can only be examined easily when p = q where no screening charges are required. Secondly, the puncture-type operators in [33] have not been dealt with in this paper. If one replaces our conjugate operators with appropriate puncture-type operators and defines ⟨: ϕ V_{2α0} :⟩ ∼ 1, then one finds the same results. Thirdly, the boundary operators were discussed in section 2.4 whereas the boundary states for LCFTs were not. Recently, it was shown that the boundary states of CG may be realised [17, 20]. Their charge neutrality conditions are separately defined for holomorphic and anti-holomorphic sectors and would exclude our analytically continued screening operators. This leads to vanishing coefficients of ~α’s and therefore the restoration of the scaling covariance B = 0, as once discussed in [18]. However, the Fock space structure must be considerably different from theirs and the comparison is to be studied carefully. Note that our logarithmic conditions remain intact and valid even in their way. Another possibility of boundary crossing contours is to introduce new objects around the boundary as in [16]. It may also give the logarithmic solution of eq. (2.16) but our action should be modified as to be consistent with them.

There are several different models at c = −2. Our CG seems to realise the c_{p,1} models in [34] and the W (2, 3) singlet algebra in [35], which does not have a nice modular property and the rationality in the same sense. The techniques we used are quite common and, therefore, the same procedure should be applicable to many other similar models with free bosons. In order to compare this formalism with the well-known rational model of c = −2, one must have the vertex operator realisation of the triplet algebra though [36]. Recently, Nichols presented such a sketch in [22] along the line of [33, 37]. This would be an interesting direction to study.

It would be intriguing to interpret the results in the D-brane context, since the solutions would correspond to states on the D-branes. Once it is established, one can fix the normalisation constants α’s in sections 2 and 3 and calculate the open-closed string interactions. On the other hand, we do not know the physical interpretation of boundary conditions in the way that we do in the Ising model. These remain to be done.

– 18 –

Acknowledgments

Y.I. is very grateful to Ian I. Kogan for his stimulating discussions with his great insight and enthusiasm. More than half of this paper was carried out by him at Oxford. Y.I. is also grateful to J.F. Wheater, P. Austing, and A. Nichols for their discussions and comments. New Century Scholarship Scheme at Oxford is acknowledged.

References

[1] Y. Ishimoto, Two-point functions and boundary states in boundary logarithmic conformal field theories, hep-th/0312160.

[2] A.A. Belavin, A.M. Polyakov and A.B. Zamolodchikov, Infinite conformal symmetry in two-dimensional quantum field theory, Nucl. Phys. B 241 (1984) 333.

[3] V. Gurarie, Logarithmic operators in conformal field theory, Nucl. Phys. B 410 (1993) 535 [hep-th/9303160].

[4] J.S. Caux, I.I. Kogan and A.M. Tsvelik, Logarithmic operators and hidden continuous symmetry in critical disordered models, Nucl. Phys. B 466 (1996) 444 [hep-th/9511134].

[5] V.G. Knizhnik, Analytic fields on Riemann surfaces, 2, Commun. Math. Phys. 112 (1987) 567.

[6] I.I. Kogan and J.F. Wheater, Boundary logarithmic conformal field theory, Phys. Lett. B 486 (2000) 353 [hep-th/0003184].

[7] Y. Ishimoto, Boundary states in boundary logarithmic CFT, Nucl. Phys. B 619 (2001) 415 [hep-th/0103064];

S. Kawai and J.F. Wheater, Modular transformation and boundary states in logarithmic conformal field theory, Phys. Lett. B 508 (2001) 203 [hep-th/0103197]; A. Bredthauer and M. Flohr, Boundary states in c = −2 logarithmic conformal field theory, Nucl. Phys. B 639 (2002) 450 [hep-th/0204154];

S. Kawai, Logarithmic conformal field theory with boundary, Int. J. Mod. Phys. A 18 (2003) 4655 [hep-th/0204169];

A. Bredthauer, Boundary states and symplectic fermions, Phys. Lett. B 551 (2003) 378 [hep-th/0207181];

M.R. Rahimi Tabar and S. Rouhani, The alfven effect and conformal field theory, Nuovo Cim. B112 (1997) 1079 [hep-th/9507166].

[8] Y. Ishimoto, Boundary states in boundary lCFT: an algebraic approach, in the Proceedings of the School & workshop on logarithmic conformal field theory and its applications 2001, IPM, Tehran, Int. J. Mod. Phys. A 18 (2003) 4639.

[9] J.L. Cardy, Conformal invariance and surface critical behavior, Nucl. Phys. B 240 (1984) 514.

[10] J.L. Cardy, Boundary conditions, fusion rules and the Verlinde formula, Nucl. Phys. B 324 (1989) 581.

[11] J.L. Cardy and D.C. Lewellen, Bulk and boundary operators in conformal field theory, Phys.

Lett. B 259 (1991) 274.

– 19 –

[12] V.S. Dotsenko and V.A. Fateev, Conformal algebra and multipoint correlation functions in 2d statistical models, Nucl. Phys. B 240 (1984) 312; Four point correlation functions and the operator algebra in the two-dimensional conformal invariant theories with the central charge c < 1, Nucl. Phys. B 251 (1985) 691.

[13] V.S. Dotsenko and V.A. Fateev, Four point correlation functions and the operator algebra in the two-dimensional conformal invariant theories with the central charge c < 1, Nucl. Phys. B 251 (1985) 691.

[14] J. Wess and B. Zumino, Consequences of anomalous Ward identities, Phys. Lett. B 37 (1971) 95;

S.P. Novikov, The hamiltonian formalism and a many valued analog of Morse theory, Usp. Mat. Nauk 37N5 (1982) 3;

E. Witten, Nonabelian bosonization in two dimensions, Commun. Math. Phys. 92 (1984) 455.

[15] A. Gerasimov, A. Marshakov, M. Olshanetsky and S.L. Shatashvili, Wess-Zumino-Witten model as a theory of free fields, 1. Algebra SL(2)_K , Int. J. Mod. Phys. A 5 (1990) 2495.

[16] J. Schulze, Coulomb gas on the half plane, Nucl. Phys. B 489 (1997) 580 [hep-th/9602177].

[17] S. Kawai, Coulomb-gas approach for boundary conformal field theory, Nucl. Phys. B 630 (2002) 203 [hep-th/0201146];

S. Kawai, Free-field realisation of boundary states and boundary correlation functions of minimal models, J. Phys. A 36 (2003) 6547 [hep-th/0210032].

[18] Y. Ishimoto’s talk Two-point function in c = −2 boundary logarithmic CFT given in Non-unitary & logarithmic conformal field theory 2002, IHES, Paris, France; I.I. Kogan, private communication.

[19] A.F. Caldeira, S. Kawai and J.F. Wheater, Free boson formulation of boundary states in W_3 minimal models and the critical potts model, J. High Energy Phys. 08 (2003) 041 [hep-th/0306082];

A.F. Caldeira and J.F. Wheater, Boundary states and broken bulk symmetries in W A_r minimal models, hep-th/0404052.

[20] S. Hemming, S. Kawai and E. Keski-Vakkuri, Coulomb-gas formulation of SU(2) branes and chiral blocks, hep-th/0403145.

[21] H. Hata and S.-i. Yamaguchi, Logarithmic behaviors in the Feigin-Fuchs construction of the c = −2 conformal field theory, Phys. Lett. B 482 (2000) 283 [hep-th/0004189].

[22] A. Nichols, Extended chiral algebras and the emergence of SU(2) quantum numbers in the Coulomb gas, J. High Energy Phys. 08 (2003) 040 [hep-th/0302075].

[23] J. Rasmussen, On string backgrounds and (logarithmic) CFT, hep-th/0404226.

[24] I.I. Kogan and N.E. Mavromatos, World-sheet logarithmic operators and target space symmetries in string theory, Phys. Lett. B 375 (1996) 111 [hep-th/9512210]; V. Periwal and O. Tafjord, D-brane recoil, Phys. Rev. D 54 (1996) 3690 [hep-th/9603156]; D. Berenstein, R. Corrado, W. Fischler, S. Paban and M. Rozali, Virtual D-branes, Phys. Lett. B 384 (1996) 93 [hep-th/9605168];

I.I. Kogan, N.E. Mavromatos and J.F. Wheater, D-brane recoil and logarithmic operators, Phys. Lett. B 387 (1996) 483 [hep-th/9606102];

N.E. Mavromatos and R.J. Szabo, Gradient flow in logarithmic conformal field theory, Phys. Lett. B 430 (1998) 94 [hep-th/9803092];

– 20 –

N.E. Mavromatos and R.J. Szabo, Matrix D-brane dynamics, logarithmic operators and quantization of noncommutative spacetime, Phys. Rev. D 59 (1999) 104018 [hep-th/9808124];

J.R. Ellis, N.E. Mavromatos and D.V. Nanopoulos, Dynamical formation of horizons in recoiling D-branes, Phys. Rev. D 62 (2000) 084019 [gr-qc/0006004]; J. Ellis, N.E. Mavromatos and D.V. Nanopoulos, Is nothing sacred? vacuum energy, supersymmetry and Lorentz breaking from recoiling D-branes, gr-qc/0005100. A. Campbell-Smith and N.E. Mavromatos, D-brane recoil and supersymmetry obstruction, Phys. Lett. B 488 (2000) 199 [hep-th/0003262];

G.K. Leontaris and N.E. Mavromatos, A mass hierarchy from recoiling D-branes, Phys. Rev. D 61 (2000) 124004 [hep-th/9912230].

[25] M.R. Gaberdiel, Fusion rules and logarithmic representations of a WZW model at fractional level, Nucl. Phys. B 618 (2001) 407 [hep-th/0105046].

[26] A. Nichols, The origin of multiplets of chiral fields in SU(2)_K at rational level,

hep-th/0307050.

[27] J.S. Caux, I. Kogan, A. Lewis and A.M. Tsvelik, Logarithmic operators and dynamical extension of the symmetry group in the bosonic SU(2)_0 and SUSY SU(2)_2 WZNW models, Nucl. Phys. B 489 (1997) 469 [hep-th/9606138].

[28] A. Nichols, Logarithmic currents in the SU(2)_0 WZNW model, Phys. Lett. B 516 (2001) 439 [hep-th/0102156];

I.I. Kogan and A. Nichols, SU(2)_0 and OSp(2|2)_{−2} WZNW models: two current algebras, one logarithmic CFT, Int. J. Mod. Phys. A 17 (2002) 2615; [hep-th/0107160]; Stress energy tensor in lCFT and the logarithmic sugawara construction, J. High Energy Phys. 01 (2002) 029 [hep-th/0112008];

A. Nichols, Extended chiral algebras in the SU(2)_0 WZNW model, J. High Energy Phys. 04 (2002) 056 [hep-th/0112094]; A. Nichols, Ph.D. thesis, 2002.

[29] V.G. Knizhnik and A.B. Zamolodchikov, Current algebra and wess-zumino model in two dimensions, Nucl. Phys. B 247 (1984) 83.

[30] V.G. Kac, Infinite dimensional Lie algebras, Cambridge University Press, Cambridge 1985;

B. Feigin and D. Fuks, Verma modules over the Virasoro algebras, in Topology: proceedings of Leningrad conference 1982, L. Fadeev and A. Mal’tsev eds., Springer-Verlag 1985.

[31] L.J. Slater, Generalized hypergeometric functions, Cambridge University Press, Cambridge 1966;

E.T. Whittaker and G.N. Watson, A course of modern analysis, 4th ed., Cambridge University Press, Cambridge 1927;

G.E. Andrews, R. Askey and R. Roy, Special functions, Cambridge University Press, Cambridge 1999.

[32] M.A.I. Flohr, Singular vectors in logarithmic conformal field theories, Nucl. Phys. B 514 (1998) 523 [hep-th/9707090]; Bits and pieces in logarithmic conformal field theory, Int. J. Mod. Phys. A 18 (2003) 4497 [hep-th/0111228].

[33] I.I. Kogan and A. Lewis, Origin of logarithmic operators in conformal field theories, Nucl.

Phys. B 509 (1998) 687 [hep-th/9705240].

[34] M.R. Gaberdiel and H.G. Kausch, Indecomposable fusion products, Nucl. Phys. B 477 (1996) 293 [hep-th/9604026].

– 21 –

[35] M.A.I. Flohr, On modular invariant partition functions of conformal field theories with logarithmic operators, Int. J. Mod. Phys. A 11 (1996) 4147 [hep-th/9509166].

[36] H.G. Kausch, Extended conformal algebras generated by a multiplet of primary fields, Phys.

Lett. B 259 (1991) 448.

[37] M.A.I. Flohr, Logarithmic conformal field theory and Seiberg-Witten models, Phys. Lett. B 444 (1998) 179 [hep-th/9808169].

– 22 –